




f # * * +
4- • •<*
4 . 4









* f> + * * ^

GENERAL PROPERTIES OF ASYMPTOTIC
EXPANSIONS
WALTER JOHN RISLEY, B.S., (MICH.) '00
THESIS FOR THE DEGREE MASTER OF ARTS





May .31 190 7
THIS IS TO CERTIFY THAT THE THESIS PREPARED UNDER MY SUPERVISION BY
Mr. Walter John Rlaley
entitled General Properties of Asymptotic Expansions
IS APPROVED BY ME AS FULFILLING THIS PART OF THE REQUIREMENTS FOR THE
degree of . Master of Arts
Approved:











































*UmA)JUs ^yuM^rjM^vu, tji oaas (^Usjyv^^^







fit* / s A - / *~
o^aa) QvvUu^ iaaAami 'Lt.w <a£Uu i^cj <a/iA
<JXSL, fit. ^Ul^M/VU^^ ^^^4^C<L/ (U^U^lJAA/jw^ MjL

aaais^ ai^f <U^iJi {outs TuiZc^i^Uy ^X^^^^
<^a>w-
(1 / y7 "
^a\*4AaIam/*A .AATI&L (llSiMsrjU^^ Uf^LCJi lA^\L^ ^Z^t^S^,




4sj 1<J^IUsCaMa^ 4f Xj/ J^^'"^nM, (&Usujl>4Z,
yj<j}^-^cZZ^i^ xisfaAA^&4~MA<4^ #^>C^-Y-ztlsnA^ <%C i^S^l^X^^

J • f +~ • r '- ft' j/
(xMMJIajU \/\aas$^^ vifit~^ *wulJijL >uAr>xJ
^
I
fjuiidLts (y^irtxAAM^ -j^n^, \aa<ul^ (X^^jla^u^ %aa* ^t^hiA^




'T it / U ——
/
— /
.itVetAmU,; I^UUP dvdt siA^(lJl4<ll>^^l^^^^. Jl> yrf trt^i^^X^U

i^jb ^v^l^JL y^^^J^ unit A/^t^i^^^/'
</





f*-vwvv o-^iXt j^wqt I "^vvvu^, ^^^ti^ L
' Aa^O^s \r\Jl\jJbo 9^ % Ifa ^r-v^c U^"^W<rf~ ^c^U^cX V^^^^^





-V^ji^ (ky^A^vy\/^t^Z^ ^^lA^urrui, QUVf"flA/vv ^Ji^^utL t^MAi^

















(I] Zo-h*, ***1>V ,

"ttt WS^wi/ {Pj°f ) dLl LaaaaJasui^ /VfiJulO/ fc^ ""^^y^M^^
O^As ^Ljl, oZLa^r- AjUAA/L OL f^AATH/VV ,4AaAj& d**l^vidrf.

















tisb/Umms^ mL, Hi-/ tt+viUs fi£ tit









(X^^^vvi^lX^^ vJtsYLUs kci^ ktiiA/ MatIa
(T . d .
J










A.tAt + <4*v ... +JLt%~.
J + ^M-f^M^ ^X*&-*A <<<.
/a
2~
-f- itt -j- - "J" « ' <

re _ 6
LAAj( ^tisi M^rU^*) (XaaA ^LtCtf AAA, b/^Xlb 0^ ifS uJaa%VUV& (UaaUa-









tllM, 1$MJU lArdi i(ks (l+WSL wJUaJL ^ ^ # r £/y {
i (Jims-

$L - / v/^ - JWj /
;
^Vir ^^mk^X^^ i<U^vvvl/ ^hLoh P^WL ^^^^^












-k +±± H-0 +

$xs_ AMyvw Qaaa%L 'v^^vdA^^L "&r™&
^
4t> a*AJL <Lty yLla,
AAA Q^V^J^AA^AA^i UdJUaX, ^ [(Zr) .
||
UrV (ai-<J!^ KAAJL- p-aaJL^ yjQ^vCU^o VUci v-tL^AAl^^ B~.



















utLla^ >j ^ j^f^ jpMAtwh ^viUtCO^ <










+W A^x^ ^ T&l oo^^w^^ ttyja**^^
^vaaa^XIma CO (2-) ^irv (WW|UiM indAxUL&^Z •

3My
V¥ ^sr^) ^ ^ ^rrf; J^n^M^ Myites U^^/^tc-
<\AaI +ttAA, buAW fp ^UUl^A^W lALlut' O^aaJt#ld>U44U,h













3* ^ L^sQ^ <\s \aaaaaJc
\aaaa. J(X\ = C ,
^.
. X X3 X
•f-

kcub ^ OSU^YW^fcfa <LaaJa^wMU^ ^vlmjMvU-^ 4£^rtU> UL,
i^~tiJt" ^tCd a^l VH, Q/XmA'A^pMmtfuf
Mr&L it^U^Z^ (XsY^zl^vyjLfcU, ^i^vt^^ ^^rzt^c^
\ATxJ ^JjK^L
f^xw Ur^/ sis&iA i£u?t~
w W Jen - Sjml- °>

\MmM^ ^ X urL^JL Lc -wwljlsL dOroJ^r- vH^tvu M^jl ^^(UXlh^l <tf
^Aj^LMtl^^ wail/ IcuulmJ WtXl '^X\J^ . Okv OuC^^^ f-A* /feW^
C ^ 2t
-f" £ir
ikJ^y^X kuj vhuau^ dtj^vvCfc wASttj^yvJLj will kasfe^au^
d^4-^t^ fawStsO i^JL Ol^I^vi^M^ l^/^yiAM^^ y






^AVUl LA^hJU^ ^-w, = (
Jr
C+ Co,
















Puht'ywh*A- a^c^yyt^^^ - l






Jet 'v 'J #t
&r r £ "* s t ^
5r
gags
W j -s/ = o,
do) K -Cox uk. n/t^a^u^ MA^d^t^ I

Jbc (U^A^U^lsJ Aa^, *~ ^LoXLy AJ^CtCo-^
]
(Ma)) udL^l £tnZg_; *~t^L*j~
IwnsQAjS^A,
^
lAAAA^Zj MA^y'i^ (AAA-, Os*^'Y^josMZL
Jin/ ^a/tV iJ^A^MMMjy ^ |i

j£jo ^|aajM^^vv -^u/r^^^lAaTx^ ifa&fjL vkU ' ^4


















J'^lK^'l^u \A<Mj$juy^ ^ufrr^^] &rY^> ILiAAfS HTj m/ kd^ni,

+L^f" UO, "t^L ^vU>^ fry F&\
i£Co Laam^m^ f~tty vkm/ lav (>4t^^
A^WU, Ivy- -/(UM




















U, CU-^AA^WZ|^^-^ptr>- /Cf>|</. fi^Ct~ IATV I/IA/Yl/ dJIjstAryuA-^
leu-TV t^T^fv (IaaJ^sM^aJ^ Lo^Y^ {hMajl4- 1y <p ^jojyrnr^-
















Irt^tli katxL^ t/e, \JLAAAnA, C^wvvi^u^H i^UA) (U^yoCt awl) 7^4 UAaaIi< Sj
(3J joL X + >>> +L#n^ >cf \
Iuul ex. ^vvt^L "f^wer ^aaaaX^T-
]Amat tit °| lie, ^|ia«/ fo ^ tuuet" fiv yiXstUc °j °/ °"

€* \/±.
ev m 1 -—iii r)<^ej
^ -j^w^L haaS y 0®wb 6 /As (AAA, asirbjfyrLsy^ ^f^U^
iLtdt vox ^^2^M^^ <^ tin /fx/b*yi
I ^v**- J.
1
a) i l-J—- -(b-hb.t+k&'-'i-tei <

M) Id- - -I—
i x



















VO^WwJl AA^pTJti "^A^XurW ^ ^ §wCtt ^
HljQ 4 ).'






\^JUU JL4^AAA4aa-*. ^Ll, <lwrtA*y* /U^yit^ 4sljM -Vlfrthis
ff^*'
^sSu <&)^svJ^JUL4C \^O^i<K/blt (^UmT \a4^ \0JU2AA, Ojolsu Xvi VVMH^/'^tf^









Jit "h b^-vuku) ^rL^t








J'&J^vuf G-jJd piAjLs j^sgJL
dv^~~W*C\£iA/',V l\y&Al^ .'AiA^L. -^t^^l^^^C'

if)
r@\ = o r j#
CO ^ } .
I™. *[F&}- A] = o = J, j
H
ixMjAArivb Xj^r. /<^<^ ~f^-t™^ c-i>-h^z<^<v /^e. ak^n^dJ™<S&k
Jt . /I /-I/O *



















f/+ 1* * + ... + &=±!+.~l= r-Kfrwj/







































4o^AAM^/ dJ^Wtes Ur^Axs/. *£asV^ kjJl^u &&hlW&<l -^TY
pcrvvv^v^v^^ <U^uc<u UH^c^C UaikxJJ f? vv^ ^v^irv ou^^
|wrir?(/\/yv^^ JU^Ob JLalrTY, JhteJL \AAA/\4-



















sit ids od~'(nAsCJL (VttAA' HUt"firr^^

jw J-L.[i-j£ +_iAr - /ill , &L *Jl+J





c^j^j>y-^ it ^r-^^^ Y








4fw = - S-J,(x) f (,J3(xh 4 Jkll-h%M;
«4
TCJTJ T(M) J wJnj dn , ' " j ' " / * "j
4£ i£ &Jj ^JL4sfa^^^ Wis
r _j^„_. v _
h^- jl/jt
~f iJ
1il) , jth r(t->J) riff r^-yX

—rr t—^' A/ C+ir
2^ tv=o
'tfUlf, lAAjjA&^ 4A4^ AAA, C^^A^
^6 l4/H^A^iI^
^/^^^ Jc/sLjw. <UfrPUL- IM^c^ J!JZ&^ TsyM^/v-

= J, +?> J, t 2~ Jz ~ L J
*aaj iL "t^-w^ tuuf "Js^JLdC v+Jmjl, 6^j>l
* yHJXtaJkjur; hAjy-dM-vi, J^^uM^^ ilt&^M^

? to:





l^l)tSt^ Oust, (>/C^&&r' ur^ /oX*X£ <c^**<<d^ ^n^iru^
(I) fCz) I
/U^kJJl <uaMA^u^ ~h* ^ i- ij Jh^yL^ i^t^C ^W&U^
^ rtwfWZLMrf 4t^ic^(T) ^T^m^^^

A*j =4 + 1 (3^ (fee).






















tij i i < J, s r ;
£.70, J, >g 1, <~J'--J=JI +J*, •' J>iT-








if X f(XJ o*> *~— J / /— / ^ s J- I I '
^^^^^ (ArfCuU. /-
\°r±o T - J ^
e«*a xf; e^J- tfe~*K (3* ft;

%rw dnut J-fe) rU Jf oaaS i^ct 2- = oaW ^M^r>^ I




r 1 +'5 &^1 «£. ^ifAtL^...
C Jo














& ^ (J- T=^) .







ff-3-r-(»t-a ft ^,5, ^ ^ ^
/ z




ch-o r/<?iKl dHi '/
fr-4Lft..i« -^-
1(2) /v K LL j^zj ,

/00.
(has fl^Cv^^ht^^ Mi Pirty^spu, ^vc^ JtC^










1^3-^*4, 1/^ ^ / i
^MnJ$. ftW« IM^< 127,, f f 6 1.
5) £JptLtM, i^AU^pnAAjafa VOL, jsinn&H+^u YvtiLr^^vvtrYjoJ^

103
l(A/ CfaMjvtc MM^j tt%>) Jasuy /3, igfh
lo) jki^ (j^^y^ Lottie, a^Aju^L u-'hi' 1^141^-1^0^.
//J Lay Ato- 2^Vs <^^n^ JcJk,%uZt.^w.
J^vu- Us tisrvisUswL joA^utwu. "VaM^V/Vi> f^n/t. ltd-/^Irf- ~2
(i^4vn^
;
"R* lour (id/ iprrt/ (key^wutihA^J^^ d, }<ndM> ewti&K

l) iu^r lay (>w^2^r^ iflcrvn- -dec X'
z-, [rot.?, jb^S). iSfj \tt>'
(maa^aa^^ J^W&vidi^M,^ (U^Mi^^r^^
IzyuAsv^- l^tsrvcJdlf; (ArtJu//f: CLknr <Ul ^iutui-yy^^^
35-/.

%UZL.$K,> JPy.T-j lrU. %
; jvf>.
1-7.




16) Ov\y tit ^yrt<U <^f C£^eUvt im
tZjsrflU'. Q u^J. Jp-usrvv. IfU.dS; lf$3"Mj ffi.
e*%*i*te TecJ. M. ^m^i^h Tj> fcJsftO-tfy- *%)-
3) tk^rlu- wukt^rsw^
f/, /ffjj *7h f7<><
(Lis Itifa*. <^S^t^^' £//£} lf$j /33-/5%.
%rrvu
)




Hi. 4 I, W"
^.l../jpf-\l3-l<!0. II
fad&Jfvw.j t.iiL; /ff6jfa flf-zti.
.





j) o Jams tt<L j^rvicfcw^ <e^A%(prW rtu^i^d<n^trt
3) b^ljttJew Q^U^t^M^
y^yyw (^Mri£c-/jc^^ Ji ,











*y/L£fyic <!U^tei. J^wj. (U*u4>. (P&J.bcjrd. f%/ffJr. 4^.1-/5*.
buis. <Lttr. Z> Xnd* M, ^^,0^. 2,^ (,7-6 r.( fth*+u£j.

(Jiwj^t. fowl. >U. n% } 407-4/0.
^V^c^t^^ ^]/iMZyuiy. ^mJIXvHa^ fa ^w^-
J1nu^cL
;
t u, iff3, ?to.4j
Vo^ja^v^ <sC'
l
C : JUasy" $£4/ ^4^vvvfs 0^ O^W^y^vux-- i;Msv& ^h^.




0^.2 1, juf&l-'f SC. /]
5j \)Jt/Jly Iiia^ t]^^
to) txi^y b^T^s^^
f)
. jojo/. 5"l 3-5"/ ST.
"Pfr^EvKf i^f QUMaM/- V^C^rrS yv&tX (Lr lAddt^^^

1/4
VJJU^ X^o^^a) } fcf.to?, 4° a^-fy.JWl-
l/Ovwvv
;
"W /Last JUqs jU^A^^nrx^^^ Maaa%^v^ , An-
V

bio, ttiAAAAKy YulJ "WteL. //, tfrf; Ml, ^MlCSJ (Po^lUy^ )
* * T A IP
If or, llfffr.
J^VKPC TW/.S^C. ^TzlvU., l^^^T., tfOb*)^). 20/- 2-/2..
^Lf^T^t^l^VVL O^^UA^^vv/ ll^xS^viA^fcc^ lli^U^O^^
^Ty^ry\j^C
)










4 + < + f.
* # * § il
*j|L 4> nfc * -JK
'4
>M,. 4-
# Hp-
-ft
• *
4^4
4 -T
4- +
PR
* * 4


